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A tiling of the Euclidean plane is called minimal non-transitive if its symmetry group has 
exactly two orbits on the vertices, edges, and tiles. As an application of the method of 
generalized Schlafli symbols, which had been introduced in previous papers, a complete 
enumeration of all homeomeric types of minimal non-transitive tilings is given. Using the same 
method, this enumeration is easily extended to all 2-isotoxal tilings (see also [8]). 
In this paper, we deal with geometrical objects of the type in Fig. A. This 
picture represents a tiling of the Euclidean plane whose symmetry group does not 
act transitively on the tiles, nor on the edges, nor on the vertices of the tiling. 
However, it has only two orbits on each of these sets: the squares and the 
hexagons, the two obvious classes of edges, and the vertices of valency four and 
three. We call such tilings minimal, non-transitive. 
By a tiling of the Euclidean plane E2 (or any connected 2-manifold), we mean a 
family 9 = 9, U 9, U F2 of closed connected subsets of E* called vertices, edges, 
and tiles, respectively, sometimes also faces of dimension 0, 1,2 such that the 
following holds: The tiles are homeomorphic to discs, they cover the whole space, 
their interiors are disjoint, each point has a neighbourhood which intersects only 
Fig. A 
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finitely many tiles, the boundary of each tile is a union of finitely many edges, the 
relative interiors of the edges are disjoint, and the intersection of any two faces is 
a union of faces. Furthermore, each tile has at least three vertices and each vertex 
is contained in at least three tiles. So in a picture like Fig. B, if we consider the 
rectangles as ‘tiles’ with four edges and vertices each, this is not a tiling, but if we 
consider them as tiles with six edges and vertices in the obvious way, this does 
represent a tiling. We wish to point out that we do not suppose the intersection of 
any two faces to be connected. The set 5 is partially ordered by inclusion, and 
the flag complex (simplicial complex of totally ordered subsets) of .Y is 
isomorphic to the barycentric subdivision of 5. An abstract poset (7’, s) which is 
isomorphic to a tiling of a 2-manifold is called a 2-dimensional combinatorial 
tiling. Because the dimension is 2, the internal characterization of this class of 
posets is easy and well known. (Each linearly ordered subset or ‘flag’ of 
cardinality 2 is contained in precisely two maximal flags, all maximal flags have 
cardinality 3, each element is contained in finitely many flags, only, and for any 
two maximal flags F, F’ there exists a finite sequence of maximal flags F = F,, 
F,,..., F, = F’ with F fl F’ 5 E and )E fl E-1) = 2 for all i = 1, 2, . . . , n (cf. [2]). 
Of course, two tilings are combinatorially equivalent if they are isomorphic as 
posets. 
In this note we use a finer notion of equivalence for tilings 9, 3 of EL, namely 
we require the existence of an isomorphism of the posets t: Y + .Y’ together 
with a group isomorphism y : Iso( 5) + Iso between the symmetry groups of 
.Y and Y’ (i.e., the groups of isometries of E2 which respect the tilings) such that 
r(g * t) = Y(g) * z(t) f or all t E F, g E Iso( So, for instance, we distinguish the 
regular square tiling from the less symmetric tilings one derives from it by 
applying affine transformations. The resulting tilings obviously fall into three 
equivalence classes: the rectangular tilings, the rhombic tilings and the still less 
symmetric tiling by parallelograms which are neither rectangles nor rhombi. 
It is easy to verify that two tilings are equivalent in this refined way if and only 
if they are ‘homeomeric’ in the sense of [7, p. 1691. This notion of equivalence or 
isomorphism more generally applies to equivariant tilings, i.e., pairs (Y, r), 
where 9 is a tiling of EZ and r a specified subgroup of its symmetry group, and, 
still more generally, to equivariant combinatorial tilings, i.e., pairs (T, r>, where 
r--’ 
Fig. B 
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T is a combinatorial tiling and r a specified subgroup of its combinatorial 
automorphism group Aut( T). 
The classification of all homeomeric types of tilings (Y, r) of E2 with a 
transitive symmetry group (transitive on the tiles, or edges, or vertices) has been 
achieved in the seventies by Grtinbaum and Shephard [4], [S], [6] and by Delone, 
Dolbilin and Stogrin [l]; partial results are much older. This classification has 
been carried out by the use of certain ‘adjacency symbols’ or ‘incidence symbols’ 
which do not easily extend to the non-transitive case. Therefore in [2], we have 
introduced another, though, of course, related symbol for equivariant tilings, the 
‘generalized Schliijli symbol’ which works in any dimension and irrespective of 
transitivity. It classifies equivariant combinatorial tilings up to ‘homeomerism’, 
i.e., two equivariant tilings are homeomeric if and only if their generalized 
Schlafli symbols coincide. 
It may be questioned whether the introduction of a new way of coding regular 
tilings is a sensible undertaking in view of the many proposals in this direction 
and the success of Grunbaum’s and Shephard’s incidence symbols. Therefore, in 
addition to the results of the present paper and to the results of [3, Section 31 on 
2-isohedral tilings, we want to mention one general theorem which we have 
proved using generalized Schlafli symbols and which will be published elsewhere. 
This theorem settles a question which has been raised by Grtinbaum and 
Shephard on several occasions (cf. for instance [8, pp. 116 and 149]), namely 
whether it is an accidental fact that so far all known ‘normal’ tilings (cf. e.g. [8, 
p. 1141) with a specified group i= of homeomorphisms with a bounded fundamen- 
tal domain (i.e., the so called k-homeogonal, k-homeotoxal and k-homeohedral 
tilings) can be represented in such a way that the combinatorially relevant factor 
group l?= F’l{y E r 1 yt = t for each face t} acts by isometries (i.e., by k-isogonal, 
k-isotoxal and k-isohedral tilings). It can be shown that this is not an accident and 
holds quite generally for all normal tilings and specified groups p with a bounded 
fundamental domain and that--except in the 12 1-isohedral cases listed in Fig. 5 
on page 196 of [4]-the realization can be chosen in such a way that the 
associated group r is precisely the symmetry group of the tiling. Analogous 
results hold for spherical tilings. 
In the present paper we want to illustrate our method of generalized Schlafli 
symbols by applying it to the minimal non-transitive tilings, deriving a complete 
list of all homeomeric types. We have even enumerated all 2-isotoxal spherical 
and Euclidean tilings, a problem which has also been discussed in [8, Section 41. 
In addition to the 2-homeotoxal tilings listed in [8] which represent simul- 
taneously all 2-isotoxal normal tilings whose symmetry groups coincide with the 
largest subgroup of the combinatorial automorphism group respecting the two 
classes of edges, one gets precisely 9 infinite families and 43 individual types of 
2-isotoxal normal spherical tilings, one of each being self-dual, and 53 2-isotoxal 
normal Euclidean tilings, 7 of which are self-dual. Moreover, there are precisely 2 
more infinite families and 5 more individual types of spherical tilings and 3 more 
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Euclidean tilings (Figs. 2.1, 2.2, 2.3 in the present paper) if one drops the 
assumption that the intersection of any two tiles be connected (cf. condition (ii), 
p. 114 in [S]). All of these are combinatorially inequivalent. Details of this 
enumeration will appear as a second part of the present paper. 
We briefly recall the definition of the generalized Schlafli symbol 9(5, r). As 
a set, 9(9, r> consists of the orbits c = r. C of maximal flags C = {to < tl < t2}. 
It is endowed with three equivalence relations, one for each dimension i = 0, 1, 2. 
Two orbits of flags c, c’ are i-equivalent, if one can find representatives C and C’ 
which differ at most in dimension i. If a and b are i-equivalent and distinct, we 
represent this as 
a’b. 
For given a and i, there is at most one such b. Therefore, we can describe the 
structure of 9(5, r) also by the action of the ‘universal’ Coxeter group 
defined by 
b if a 2 b, 
aoi = 
a if no such b exists. 
The complete Schhifli symbol consists of the Z-set 9 = 9(3, r> together with 
two functions 
r=r(0J-):9 + N, s =s@-r):LZ + N, 
where r(T. (to, tl, tz)) is the number of vertices of t2 and dually, s(T. (to, tl, t2)) 
is the number of tiles containing to, i.e., the valency of to. 
It is clear that (9 ; r, s) is actually defined for any equivariant combinatorial 
tiling (T, r). The main theorem of [2], restricted to the 2-dimensional case, 
states: 
Zf the generalized Schltifii symbols (9; r, s) and (9’, r’, s’) of equivariant 
combinatorial tilings (T, r) and (T’, r’) are isomorphic (in the obvious sense), 
and if T and T’ come from tilings of simply connected manifolds, then (T, r) and 
(T’, r’) are isomorphic. 
Following [3], we shall now list the conditions on (9; r, s) in our present 
situation. There are four general conditions valid for any equivariant com- 
binatorial tiling. 
(1) 2 acts transitively on 9, i.e., 9 considered as a graph with edges L, 
- and --L 1 is connected. 
(2) r(u) 3 3 <s(u) for all a E 9. 
(3) r is constant on the 01-components, s is constant on the 12-components. 
By a 01-component of 9, we mean an orbit of the subgroup (CQ, a,) c Z or, 
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equivalently, a connected component of 9 considered as a graph with the edges 
0 
- and 1, only. Analogously for 1Zorbits. 
(4) a(a,o,)‘(“) = a, a(a,o,)S@) = a, ~(0~0~)~ = a for all a E 9. 
(5) c (y&+$+)=0. 
ac9 
Condition (5) expressses the fact that (T, r) comes from a tiling 9 of the 
Euclidean plane in such a way that r acts by isometries. Actually, it follows from 
‘Euler’s formula’ as studied by Griinbaum and Shephard that (5) holds also for 
normal tilings of E2 on which a group p of homeomorphisms acts with a bounded 
fundamental domain (cf. [9]). 
(6) $B consists of exactly two 01-components, and also of two OZcomponents 
and of two 12-components. 
Condition (6) is equivalent to the minimal non-transitivity of r. 
We shall now classify all symbols (9; Y, s) satisfying (l)-(6) and finally prove 
the following theorem. 
Theorem. There exists precisely 37 equivalence classes of minimal non-transitive 
equivuriunt tilings (F, I) of the Euclidean plane. In all cases, 5 can be chosen in 
such a way that r equals the full symmetry group Iso( In 13 cases, Iso( S) is the 
full combinatorial automorphism group Aut(.Y), so there exist up to isomorphism 
13 combinatorial tilings T such that Aut(T) acts minimal non-transitively, and 
admitting a representation in E2 in such a way that Aut(T) acts isometrically. 
According to the enumeration presented in Table 1, these 13 cases are 1.1, 1.2, 
1.5-1.8, 2.1-2.5, 6.1 and 7.1. For 10 of these 13 tilings, the intersection of any 
two tiles is connected. (The remaining three are 2.1, 2.2,2.3.) These 10 tilings are 
the tilings 3,93 - 1, 3133 - 1, 4462 - 3, 3r4, - 5, 3362 - 1, 3,66 - 1, 4,6, - 2, 
3244 - 4, 3351 - 3, 3342 - 1 in the list of 2-homeohedral tilings of [9]. 
We also want to mention that our present enumeration, restricted to tilings by 
triangles, must be contained in [lo]. 
We shall now prove this theorem and make it more precise by compiling the list 
of all generalized Schlalli symbols satisfying the conditions (1) to (6). 
Step 1. Determination of all Z-sets LB satisfying (1) and (6). 
The starting point is that our Z-sets L% consist of two 02-components a1 and ‘& 
each of which has to be one of the following list. 
This comes from the relation u(cJ~(T~)~ = a. Moreover, since 9 is connected, there 
must be at least one l-connection between these two 02-components. Hence, the 
0, 2 0 
0 
> 
> 2 2. 
0.2 Et 
7 0 
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Table 1 
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The generalized SchlIfli symbols of the 37 minimal, non transitive equivariant tilings of the plane 
The Z-set CB The parameters r and s The The group 
abc d e f g h dual 
1. alb--%zd 
1.1 r 9 9 9 3__--- 
s 3 3 3 3---- 
1.2 r 3 3 3 3---- 
s 3 9 9 9__--- 
1.3 r 6 6 6 6---- 
s 3 3 3 3_--- 
1.4 r 3 3 3 3---- 
s 6 6 6 6_._-- 
1.5 1.66 6 4---- 
s 4 3 3 3_--- 
1.6 r 3 3 3 4---- 
s 4 6 6 6_---- 
1.7 r 6 6 6 3---- 
s 6 3 3 3---- 
1.8 r 3 3 3 6---- 
s 3 6 6 6_--- 
2.1 r 3 3 3 12 12 - - - 
s 3 3 6 6 3--- 
2.2 r 3 3 3 6 6--- 
s 3 3 12 12 3--- 
2.3 r 3 3 3 8 8 --- 
s 3 3 8 8 3 
2.4 r 6 6 6 4 4--- 
s 3 3 4 4 3--- 
2.5 r 3 3 3 --- 4 4 
s 6 6 4 4 6 
3.1 r 4 4 4444-- 
s 4 4 44 44-- 
4.1 r 3 3 3 6 66-- 
s44 4 4 4 4 -- 
4.2 
r 3 3 33 33-- 
s 4 8 88 84-- 
4.3 r 3 3 3333-- 
s 6 6 66 66-- 
5.1 r 4 4 444 4-- 
~33 3 6 6 6 -- 
5.2 r 4 8 8884-- 
s 3 3 3 3 3 3 -- 
5.3 r 6 6 666 6-- 
s 3 3 333 3-- 
6.1 r35 5 5 5 5 -- 
s 4 4 4334-- 
-- 7.1 r 4 4 4 3 3 4 
s 3 5 555 5-- 
1.2 D; =p3ml 
1.1 03 =p3ml 
1.4 D,=p6m 
1.3 D,=p6m 
1.6 0: =p4m 
1.5 0: =p4m 
1.8 D6 =p6m 
1.7 D6 =p6m 
2.2 D,=p6m 
2.1 D6 =p6m 
2.3 0; =p4m 
2.5 D,kkkk = pmm 
2.4 D,kkkk = pmm 
3.1 D2 kgkg = cmm 
5.1 D,kgkg = cmm 
5.2 0: =p4g 
5.3 0: =p31m 
4.1 D,kgkg = cmm 
4.2 D:=p4g 
4.3 0: =p31m 
7.1 0: =p31m 
6.1 0: =p31m 
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Table 1 (continued) 
The X-set LB The parameters r and s The The group 
abc d e f g h dual 
13. aobLcld 
8.1 
r 
4 4 444 444 8.1 
s 4 4 444 444 
9.1 r 4 4 4 44 4 4 4 9.1 
s 4 4 4 4 4 4 4 4 
10.1 
r 
3 
3 3 44 3 3 3 
11.1 
s 4 6 666 664 
10.2 
r 3 3 366333 
11.2 
s 3 6 666663 
11.1 
r 4 6 666 664 
10.1 
s 3 3 344 333 
11.2 
r 3 6 6 6 6 6 6 3 
10.2 
s 3 3 366333 
12.1 r44 4 44444 
s44 
4 4 4 4 4 4 
12.1 
13.1 r99933999 
s 3 3 333333 
13.2 
13.2 r 3 3 333 333 
s 3 9 999993 
13.1 
13.3 r 6 6 666666 
s 3 3 333333 
13.4 
13.4 
r 
3 3 333333 
s 6 6 666666 
13.3 
13.5 r66644666 
s 4 3 333334 
13.6 
13.6 r33 3 44 3 3 3 
s 4 6 666 664 
13.5 
13.7 r 6 6 6 3 3 6 6 6 
s 6 3 3 3 3 3 3 6 
13.8 
13.8 r33 3 66 3 3 3 
s 3 6 666 663 
13.7 
G?=p, 
D,kkgg = pmg 
D;=p4g 
0: =p31m 
0: = p4g 
0: = p31m 
D,kk =pm 
c,=p3 
C3=p3 
C,=p6 
C,=p6 
c,=p4 
c,=p4 
C,=p6 
C,=p6 
cases I9[=2 and j91= 3 cannot occur because 9 has more than one Ol- 
component and more than one 12-component. By the same reason, in the case 
I9lI = 4 we necessarily have 
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Table 2 
The Z-sets satisfying (1) and (6) which possess no parameters r, s 
(or conversely). The unique possibility for 9~ therefore is 
0 1 2 
n 
(No. 1) 
For 191 = 5, CJJdl and g2 necessarily have length 4 and 1, respectively. The 
unique solution is 
(No. 2) 
because any additional l-connection would immediately lead to 01-connectedness 
or 12-connectedness of 97. 
For (9( = 6, B1 and g2 have length 4 and 2, respectively. Let us first consider 
the case that B2 L- a. Then, as above, 
(No. 3) 
is the unique solution. Up to duality (i.e., interchanging a0 and u2) we now have 
to consider the case SB2 = A. That is, in the Z-set 
a”d’e 
21 12 lo, 
hit f 
we have to introduce further l-connections in such a way that the 01-components 
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{b, c} and {a, d, e, f} remain invariant, and two of the three 12-components 
{a, b), {c, d, e>, 0-1 b ecome connected. It is immediately checked that there are 
exactly two possibilities for this: 
.‘r+ 
aLf, (No. 5) 
b’c. (No. 7) 
We finally have to consider the case 19 1 = 8, where IS@1 = 1SB21 = 4. That is, in 
the E-set 
we have to introduce further l-connections in such a way that precisely two of the 
three 01-components {a, c}, {b, d, e, f}, {g, h} and two of the three 12- 
components {a, b}, {c, d, e, g}, cf, h} become connected. 
First consider the case that all 01-components and all 12-components have 
length 4. This means that the subset {a, b} is l-joined to cf, h}, and {a, c} is 
l-joined to {g, h}. Up to isomorphism, these conditions lead to three Z-sets CZJ 
given by 
(No. 12) 
a’h, CL-g, b’f (No. 8) 
cLg, b--‘--f. (No. 9) 
Up to duality, we now can assume that one of the 01-components has length 6. 
That is, in the figure above we may assume that {a, c> is l-joined to {b, d, e, f}, 
and {g, h} is l-invariant. There are four subcases, corresponding to the obvious 
four possibilities of joining {a, c} to {b, f}. 
(i) a’b, 
(ii) a’f, 
(iii) a is l-fixed, bit, 
(iv) a is l-fixed, c’f. 
The possibilities for further l-connection in each of these four subcases are the 
following. 
(i) g’h, (No. 15) 
g ‘-h, c’f, (No. 13) 
c’f, (No. 10) 
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(ii) no additional l-connection, 
(iii) no additional l-connection, 
(iv) no additional l-connection, 
g Ah. 
(No. 17) 
(No. 14) 
(No. 18) 
(No. 11) 
Step 2. Determination of the possible parameters r and S, for each Z-set 9. 
By (3) and (6) the functions r and s assume only two values, and we have to 
solve the equation (5) 
I~ll+l4+lA+~~l~l - - 
rl r2 81 s2 2 ’ 
where 9 = &rljSe2 = %,lj!Z12 is the partition of 9 in 01-components, resp. 
1Zcomponents. Furthermore, we have the divisibility conditions (4) 
I&ilIri iftiiisoftheformu-..o, 
in particular if I.G&( is odd; 
Idi1 j2ri if &i is of the form 
and analogously for @, si.For instance, for the Z-set ~7 we have to 
solve 
3+1+2+L,2, rl=3u, s1 = 3v, r,, s2 2 3. 
rl r2 s1 s2 
This implies u = 1 or v = 1, and remembering that the solutions of 
are-up to permutation-(2,3,6), (2,4,4), (3,3,3), we conclude the following 8 
possibilities for r and s: 
5 ‘2 Sl s2 
3 3 6 6 
3 6 6 3 
3 4 6 4 
3 3 9 3 
6 3 3 6 
6 6 3 3 
6 4 3 4 
9 3 3 3 
Exactly the same calculation also applies to the Z-set No. 13. 
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For the Z-set No. 2 we have 
r, = 3u,, r, = 2u2, si = 3v,, s2 = 2212, 
L+L+L+L=$ 
Ul w? 211 v2 
U2>2dV2, 
which is easily solved, too. 
Most of the remaining cases are even more simple. For instance, for No.‘s 8, 9, 
12 we have to solve 
4+4+4+4=4, 
rl r2 SI s2 
r,, r,, sl, s2 even and a-3, 
which obviously has the unique solution rl = r2 = s1 = s2 = 4. 
In the cases No.? 14, 15, 18, we have 
6+2+6+2=4 
rl r2 SI s2 
rl = 6ul, s1 = 6vl, r,, s2 2 3. 
This is obviously impossible, because the left hand side is strictly less than 4. The 
E-sets No. 16 and No. 17 are excluded in a similar way. 
Step 3. Existence of an equivariant tiling (9, I’) of E2 such that 
CB(T, r) = 9, r(y,r) = r, s(~,~ = s, for each (9; r, s) 
in our list. 
In a forthcoming paper, we shall prove quite generally that any (9; r, s) 
satisfying the conditions (l)-(5) arises as the Schlafli symbol of an equivariant 
tiling (3, I) of E2. Moreover, we shall show that one can choose the shape of the 
tiles in such a way that r coincides with the full symmetry group Iso except in 
certain cases which can be listed explicitly. In those exceptional cases, o2 acts 
trivially on LiJ and therefore (u,,, al) must act transitively on 9. This is excluded 
in the situation considered in this note, therefore we must be able to choose 3 in 
all our 37 cases in such a way that r = Iso( S). 0 
Indeed, in the pictures below, for each of the 37 Schlafli symbols (9 ; r, s) 
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2.3 
-nn 
1.4 
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obtained above, we give a tiling 9 of E2 (which in several cases cornbinatorially is 
such a simple thing as the regular square tiling) such that (9, Iso( has the 
given (9; r, s) as Schl%fli symbol. In this way, we avoid using the general 
existence theorem mentioned above. 
Using our pictures, the reader will have no difficulties to supply a completely 
rigorous existence proof in each case, starting from certain known ‘metrical 
tilings’ and performing modifications which are compatible with the symmetry 
group or the desired subgroup. For instance, in 7.1, one of the more intricate 
cases, one starts with the vertex transitive tiling (3.6.3.6) in the notation of [4, 
Fig. 21, and subdivides each hexagon into three rhombi in an obvious compatible 
way. 
Our table of Schlafli symbols also contains the group r in standard crystal- 
lographic notion, for each symbol. The method of determining r from (9; r, s) is 
explained in [3]. It is easily verified that r does not coincide with the full 
automorphism group of the combinatorial tiling associated to (9; r, s) if and only 
if there exists a symbol (9’; r’, s’) (the generalized Schlafli symbol of 
(F, Aut(9)) and a Z-map Q, : 9 + 9’ such that ]9’]< ]9] and r’(q(d)) = r(d) 
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and s’(q(d)) = s(d) f or all d E 9. This happens for all symbols in Table 1 except 
for those 13 ones listed above. 
Finally, as a complement to our paper [3], and to answer a question posed by 
Grtinbaum, we want to give some further explanation of the ‘exceptional cases’ 
mentioned in Step 3 of the proof, in which it is not possible to realize Tas the full 
symmetry group of the tiling. As we have pointed out, this phenomenon is 
restricted to the ‘isohedral’ case (i.e., r acts transitively on the tiles), only. 
Already in their paper [4], Grtinbaum and Shephard have pointed out that for 
precisely 12 of the 93 isohedral equivariant tilings, this phenomenon actually 
occurs (see Fig. 5 on p. 196 of [4], they represent those cases by so called ‘marked 
tilings’). The question posed by Grtinbaum was whether there is an a priori 
characterization of those tilings in terms of their generalized Schlafli symbol 
(9; r, s). 
As mentioned above, o2 must act trivially on 9, so the possibiliries for ,g are 
easily determined. One further obviously necessary condition on (9; r, s) comes 
from the observation that in the exceptional cases r necessarily is not the full 
automorphism group of the tiling 5. So there exists a symbol (9’; r’, s’) (the 
generalized Schlafli symbol of (9, Aut(.Y)) and a Z-map 9, : 9 + 9’ such that 
ILB’] < 191 and r’(q(d)) = r(d) and s’(g?(d)) = s(d) for all d E 9. 
From our list in [3, Section 21, one immediately extracts all (9 ; r, s) satisfying 
these two necessary conditions. One gets altogether 13 cases: the above 
mentioned 12 cases of [4, p. 1961 (cf. the correspondence-table in [3, p. 113 f.]) 
and only one further symbol, namely A, r = s = 4 (IH 72 in [4]) which does 
not represent an exceptional case. So, the two obviously necessary conditions give 
almost an a priori characterization of the exceptional cases. 
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